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1. Introduction

Let X be a Banach space and let £(X) denote the Banach algebra of bounded
linear operators from X to itself. Given A, B € £(X) let us consider the mul-
tiplication operator LoaRp: L(X) — L(X) given by LaRp(T) = AT B. Prop-
erties of L4 Rp, and more general elementary operators, that is, finite sums of
multiplication operators, have been studied for many years from a variety of
viewpoints. We mention spectral theory, Fredholm theory, compactness prop-
erties, norms, positivity and numerous others, depending on the nature of the
Banach space X. Various survey articles are contained in the proceedings vol-
umes [3] and [17], and the paper [22] is especially pertinent here.

The aim of this note is to explore the strict singularity of the operator L4 Rp.
Recall that an operator is strictly singular if it is not an isomorphism when re-
stricted to any infinite-dimensional subspace of its domain. In other words,
T € L(X,Y) is strictly singular if, for every infinite-dimensional subspace
Xo C X and every € > 0, there is « € X such that [|Tz||y < ¢||z||x. The class
of strictly singular operators forms a closed two-sided operator ideal which con-
tains the compact operators. These operators were introduced by T. Kato [12]
in connection with the perturbation theory of Fredholm operators; in particu-
lar, it is well known that the spectrum of a strictly singular operator has the
same structure as that of a compact operator.

In most cases, the class of strictly singular operators is strictly larger than
that of compact operators. The formal inclusion i: £, — £, for 1 < p < g < o0
provides a simple example of a strictly singular operator which is not compact.
Nevertheless, Pitt’s theorem ([1, Theorem 2.1.4]) asserts that for p < ¢, every
operator T': £, — £, is compact. As a consequence, one can also deduce that
on L(¢,) the classes of compact and strictly singular operators coincide (cf. [13,
p. 76]).

Our approach in this paper mainly focuses on analyzing strict singularity
via factorization through certain spaces. In particular, we will show that for
every p < q and A, B € L({,,4,), the operator LyRp: L({g,0,) — L({p,¢4)
is strictly singular (Theorem 5.5). Motivated by this fact, we introduce the
notion of approximately (¢, ¢,)-factorizable operator, which yields a formally
stronger condition than that of a strictly singular operator. We will show that if
A, B are approximately (£,, £,)-factorizable operators, then the corresponding
multiplication operator LaRp is strictly singular (Theorem 5.7).
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It is easy to check that if LaRp is strictly singular on £(X), then so are
the operators A and B* (see Section 2). The converse implication has been
analyzed by M. Lindstrém, E. Saksman and H. O. Tylli in [15], where it was
shown to hold for X being any of the following classical Banach spaces: L,[0, 1]
lI<p<oo); @ty (1 <p<gq<oo); C(K) (for compact Hausdorft K);
and L.

Recall that strictly singular operators on C(K) spaces, and more generally,
on C*-algebras, are weakly compact (see [19, 20]). We will show that, if X is
a reflexive Banach space with an unconditional basis, then every multiplication
operator L4 Rp on L(X) which is strictly singular is necessarily weakly compact
(Corollary 4.2). This is also related to the fact that the composition of two
strictly singular operators on certain spaces yields a compact operator.

Finally, in the last part of the paper, we provide a factorization property of
strictly singular operators on L,, based on the classical interpolation construc-
tion due to W. J. Davis, T. Figiel, W. B. Johnson and A. Pelczyiiski in [4]
and another factorization result of W. B. Johnson given in [8]. Namely, every
such operator factors through a certain Banach lattice, sufficiently separated
from L, and through /¢, (see Theorem 6.2 for the precise statement). As a con-
sequence of this fact, we show that when A, B are strictly singular on L, the
multiplication operator L4 Rp factors through the space of compact operators
on ¢, (Theorem 6.9).

2. Preliminaries

Recall that an operator is compact when it maps the unit ball into a relatively
compact set. Since the unit ball of an infinite-dimensional Banach space is
never compact, it follows that compact operators are in particular strictly sin-
gular. Whereas the former is a purely topological notion, the latter is really
about infinite-dimensional structure. Moreover, it is well known that an oper-
ator T: X — Y is strictly singular if and only if, for each infinite-dimensional
subspace Xy C X, there is a further infinite-dimensional X; C X, such that
the restriction T'|x, is compact (cf. [13, Proposition 2.c.4]).

Occasionally, we will need certain generalizations of strictly singular opera-
tors. Given some Banach space X, an operator T: Y — Z is called X-singular
provided it is not an isomorphism when restricted to any subspace of Y linearly
isomorphic to X. Particularly useful classes are that of £,-singular or cg-singular
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operators (see [9]). For instance, for an operator T': L, — L, being {2-singular
and £,-singular is enough to get strict singularity [25].

Given Banach spaces X, Y7, Y5 and an operator A: Y7 — Y5 let us consider
the left multiplication operator

Lyx:L(X,Yh) — L(X,Y3)
T +— AT

as well as the right multiplication operator
Rax : L(Y2,X) — L(Y,X)
T +— TA.

When there is no ambiguity about the space X, we will simply write L4 and R4
instead of La,x and Ra;x.

Let X5, X5, X35, X4 be Banach spaces, A € £(X;,X>3) and B € L(X3, Xy).
We consider the multiplication operator LaRp: L(X4, X1) — L(X35, X2) given
by LaRp(T) = ATB.

Note that, if we choose 1 € X3, 25 € X3, 23 € X3, j € XJ such that
x5(Az1) =1 = z}(Buxs), then after considering the operators

Jor s X1 — L(X4, X1) Jo s X5 — L(X4, X))
T — QT *— e
0zs : L( X3, X0) — Xy Oz5 1 L(X3, X2) — X3
T +— Tus T +— T2}

we have the following commutative diagrams:

X, 4 X, X; B X3
4] R E
LX X1) — 212 o £(Xy, Xs)  L(Xa, X)) — 2 £(Xs, Xa)

This shows that A and B* belong to the ideal generated by L o Rp. In particular,
if LyRp is strictly singular, then so are A and B*. Note that in general, the
class of strictly singular operators is not closed under taking adjoints.

In the following, S(X,Y) and K(X,Y") will denote the spaces of strictly sin-
gular and of compact operators, respectively, between the Banach spaces X
and Y.
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3. Strict singularity and compactness

In this section we will study the relation between strict singularity and com-
pactness of the multiplication operator.

When one of the operator coefficients is compact, the other strictly singular,
and the space X has the approximation property, which allows us to approxi-
mate compact operators by finite rank ones, then the multiplication operator
is strictly singular. A version of this fact for more general operator ideals can
be found in [16], but we include here a simple proof for convenience and to
motivate further results.

ProposiTION 3.1: Let X, Y be Banach spaces such that Y has the approxi-
mation property and let A,B € L(X,Y). If A € §(X,Y) and B € K(X,Y),
then LyRp: L(Y,X) — L(X,Y) is strictly singular.

Proof. Let us start with a weaker version of the statement.

CramM: If A is strictly singular and B is a rank one operator, then Lo Rp is
strictly singular.

Indeed, let yo € Y and z§ € X* such that B(x) = z{(x)yo for every z € X.
Suppose LgRp is not strictly singular; then there exist a normalised basic
sequence (T},) € L(Y, X) and a > 0 such that

Z anATnB Z anTn

for every sequence (a,,) of scalars.

(1)

’ZQ

Without loss of generality, we can assume that the linear span of (T,y0) in X
is infinite dimensional; indeed, otherwise pick z* € Y* such that

25l =1 and  2"(yo) # 0

and for € > 0, let (z,) be an infinite sequence of linearly independent vectors
in X with ||z,| = 27", and let

fn(y) = Tn(y) + Z*(y)xn-

Note that the linear span of (T, (yo)) is infinite dimensional and inequality (1)
also holds for T},, once ¢ > 0 is small enough, as

| Ty — Tol| < €27
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We have

| (Seman)] <3

gl

‘ Z anTh,

\xollllyol\

Hence, A is bounded below on the span of (T},2¢) which is a contradiction with
the fact that A is strictly singular, and the claim is proved.

Now, if B has finite rank, say B = Y. | B; with B; of rank one, then
LR = 2?21 LaRp, is strictly singular as a linear combination of strictly
singular operators.

Finally, for a compact operator B, since Y has the approximation property,
we can find a sequence of finite rank operators (By,) with |B — B,|| — 0. Each
of LyRp, is strictly singular by the previous part of the proof, and

||LARB — LARBnH — 0,
thus, L4 Rp is strictly singular too. |

By passing to adjoints, we easily have the following:

COROLLARY 3.2: Let X, Y be Banach spaces such that X* has the approxi-
mation property and let A, B € L(X,Y). If A € K(X,Y) and B* € S(Y*, X*),
then LaRp: L(X,Y) — L(X,Y) is strictly singular.

It was proved in [15] that, when X is a space of the form L, for 1 < p < oo,
C(K) for K compact Hausdorff, or £, L4Rp is strictly singular in £(X) if
and only if so are A and B*. It should be noted that the composition of
two strictly singular endomorphisms on X for every space in the previous list
yields a compact operator. On the other hand, for the spaces ¢, ® £, @© ¢, with
l<p<g<r<ooandon Ly0,1]® L,[0,1] with 1 <p < ¢ < 00, p # 2 # g,
there are examples of strictly singular operators A and B* such that L4Rp
is not strictly singular. And in fact, these examples are made out of strictly
singular operator whose composition is not compact. The following observation
together with the results of the next section provide a reason for this.
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PROPOSITION 3.3: For a Banach space X the following statements are equiva-
lent:

(a) For every A, B € L(X) with A and B* strictly singular, it follows that
AB is compact.

(b) For every A,B € L(X) with A and B* strictly singular, the operator
LsRp maps L(X) into K(X).

Proof. (a) = (b): Let A, B € L(X) such that A and B* are strictly singular.
Since strictly singular operators form an ideal in £(X), for every T' € L(X) we
have that AT B is compact. Hence, L4Rp maps £(X) into K(X).

(b) = (a): Suppose LaRp(T) € K(X) for A,B,T € L(X), with A and B*
strictly singular. In particular, we have that AB = LyRp(Ix) € K(X). n

The fact that on L, spaces the composition of two strictly singular operators
yields a compact operator is due to V. D. Milman [18], and has recently been
extended to further classes of Banach spaces (see [5]); these include for instance
the Lorentz spaces A(w, q) and certain Orlicz spaces. It is conceivable that the
results in [15] extend to these larger classes of spaces.

The condition that B* above, and not B, should be strictly singular is clarified
by the following example. Let X = ¢; @ ¢g. Using the fact that strictly singular
and compact operators coincide on ¢; and cg, and that £(co,¢1) = K(co, 1) it
is not hard to check that, AB € K(X) whenever A, B € S(X). However, let
B(x,y) = (0,qx) where ¢ € L(¢1,co) is a quotient operator. It follows that
L ARp cannot be strictly singular (because B* is not strictly singular).

4. Strictly singular multiplication is weakly compact

It is well known that strictly singular operators on C(K) spaces are weakly
compact [20]. This fact can also be extended to operators on C*-algebras [19,
Proposition 3.1], and we will see this is also the case for multiplication operators
on L(X), for a large class of spaces X.

Our main reference for weak compactness of multiplication operators on £(X)
is [21]. In particular, by [21, Corollary 2.4], if X is a reflexive space with the
approximation property, the multiplication operator L4 Rp is weakly compact
if and only if ATB € K(X) for every T € L(X).
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PROPOSITION 4.1: Let X be a reflexive Banach space with unconditional basis,
and A,B € L(X). If LoRp is co-singular, then AB € K(X).

Proof. Suppose AB ¢ K(X). Since X is reflexive, we can find a weakly null
sequence (2, )nen € X such that ||ABz,|| > § > 0 for every n € N. In particu-
lar, (Bxy,)nen is also weakly null, and ||Bz,| > 6/||A| for each n € N. Now,
by a standard perturbation argument we can assume that (B2, )nen is a block
sequence with respect to the unconditional basis of X. Hence, we can consider
(Un)nen € L(X), a sequence of projections onto each of the corresponding
blocks, that is U,, 1L U,, with

U, Bx, = Bz,

We claim that L4 Rp is an isomorphism on the subspace [U,]. To see this, first
note that, using the unconditionality of the basis of X, it is easy to check that
for any sequence of scalars (a,)nen we have

(2) Z a,Un

Therefore, we have

(3) ‘ ZanAUnBH = LARB(ZanUn)H < ||LaRgB| max |ay|.

n

A max |ay,|.
n

While, on the other hand, we have

Z anAUnBH > sup ‘

J

Z anAU, Bx;

(4) ‘

= sup ||ajAU; Bz;|| > 6 max |a;]|.
j J

Hence, LsRp|y,] is an isomorphism as claimed. Since (U,,) is equivalent to the
unit basis of ¢y, the proof is finished. ]

COROLLARY 4.2: Let X be a Banach space, and A, B € L(X). Consider the
following statements for LaRp: L(X) — L(X):
(i) LaRp is strictly singular.
(ii) LaRp is co-singular.
(iii) LaRp is weakly compact.
Clearly, (i)=-(ii). If X is reflexive with an unconditional basis, then we have
(i) = ().
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Proof. Suppose LaRp: L(X)— L(X) is co-singular. Then, for every T € £(X),
we have that LaARpLt = LarRp is co-singular. Hence, by Proposition 4.1, it
follows that AT B (X)) for every T'€ L(X). Asaresult, LyRp(L(X)) CK(X),
and [21, Corollary 2.4] yields the claim. |

Note that for every infinite-dimensional reflexive space X, there are weakly
compact multiplication operators on £(X) which are not strictly singular. In-
deed, let A € K(X) and B = Ix; then by [21, Proposition 2.8] L4 Rp is weakly
compact, but L4 Rp is not strictly singular as B* is not strictly singular. The
same would hold for non-reflexive X as far as there is a weakly compact operator
B € L(X) such that B* is not strictly singular.

Remark 4.3: Proposition 4.1 can be extended to the more general case when X
has an unconditional finite-dimensional decomposition.

5. Factorization of multiplication operators

A classical result by J. Holub [7, Theorem 1] states that every subspace of KC({3)
is either isomorphic to £ or contains a further subspace isomorphic to ¢g. We
need a version of this dichotomy for K(¢,,¢,). Throughout this section we
assume 1 < p,q < oo.

First, recall that to any operator T' € K(¢,, {,), we can associate the infinite
matrix given by T;; = ef(Te;) for i, j € N, where e, e; denote the (uncondi-
tional) unit vector basis of ¢y and £, respectively. For n € N, we will consider
two particular projections in K(€,, ¢,), E, and P, given for T' € K(¢,,¢,), by

T;; if min{i,j} <n,
0 otherwise;
T..

Pn (T)l = K
! 0 otherwise.

if max{i,j} <n,

It is well known that these define a family of uniformly bounded projections
on K(¢p,¢,). Let C = sup,,cy max{|| B,||, || Enl|}-
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Given natural numbers m < n, and 1 < p < o0, let Q(p ) denote the basis

projection onto the span of (e;)!_,, in £,; or, in other Words for (i) € Ly,

i=m
n
(p)
mn] leez = Z T;€5.
€N i=m

Clearly, if m; < n1 < me < ng, then we have
(p) (p) (p) (p) _
Q[ml,m]Q[nbz,nz =Q mz,nz]Q [mi,m1] — 0

We will say that (Sk) C K(¢p,{,) is a block-diagonal sequence when for
every k € N there exist pr < qx < pr4+1 so that,

Q(Q) SkQ(p)

[Pr,ax] [Pr,ax]”

Also, a single operator S € L({p,£,) is called block-diagonal if there is a
block-diagonal sequence (Sx) such that for every x € £,,,

St = Z Skx.

keN

LEMMA 5.1: Let 1 < p,q < oo, and (Sk) C K(¢p,¢,) a semi-normalised block-
diagonal sequence. If p < q, then (Sy) is equivalent to the unit vector basis of ¢g.
Pq

If ¢ < p, then (Sy) is equivalent to the unit vector basis of ¢, with r = et

Proof. By hypothesis, for every k € N there exist py < qr < pr41 so that

Sk — Q(Q) SkQ(p)

[Pk, qk] [Pr,qk]’
Suppose first that p < ¢, and let us see that in this case, (Si) is equivalent to
the unit vector basis of ¢y. Indeed, given scalars (ay), since ¢ = infk ISkl > 0,

for every k€N there is xy €, with ||zg|l, = 1, [|Skxk|lq > c and Q
Thus, for every k € N,

Z a;S;

jeN

[Pk Qk]xk = Tk-

’ q

Zaij(

jeN

ZaJQ[PJ a;] ]Q(§J q;] ( )

JjEN

=llarSk(zr)llq = C|ak|,
which yields the estimate

D4,

jEN

> csup|aj|
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On the other hand, let K = supy ||Sk|| and for z € ¢, with ||z]|, = 1, let

Ty = Qfﬁzqu]x. Note that

Sk(ac) = Sk(ack).

Hence, for scalars (ax) we have

Za]Sz

JEN

(S hass;ta) ||q>1

jEN

(T tasss el )

jEN

<supla 1] (an)

jeN

<K sup|a;]|.
jEN

Therefore, (Sk) is equivalent to the unit vector basis of ¢y as claimed.
Now, suppose that ¢ < p. As above, given scalars (a;), letting K = sup; [|5; ||,

we have
ZajS] = sup Za]Sas
jEN llzllp<1 jEN
_ (p)
- Sup<1 Z JQ[F]J]]] ]Qp]7QJ H
lzll,<1 1l jen q
1
_ (@) (p) qa\’
= sup (ZH jQ[P; ‘IJ [PJ a;] ||q>
llzllp<1 jEN
1
q
<K sup (ijwnczf;’j,mxng) .
||;E||p§1 jEN

Now, if we set s = % > 1 and % + % = 1, then by Holder’s inequality it follows

that
sup (Z|aj|qs) (Zn@;p’xngs)

llzllp<1 jEN jEN

SK(Dajr)i,

jeN

Z a;S;

jeN

where r = 2L
p—q
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For the converse inequality, as above, since ¢ = inf}, || Sg|| > 0, for every k € N

there is zj, € £, with ||z, = 1, || Skzkllq > ¢ with Q)

T = T. Given an
[pw.an] ™k ke G Y

sequence (ay) € by, let =3, |ak| 7" 1. Note that
1 1
_ P A\ P
el = ( Zlan 7)) = (Slaal)

keN keN

Hence, we have

Z aij

jEN

[l - [l

> Lol

JEN

1
I jenaiSialle _ (e llasSizlg)e

1

(Sl

JEN

Q=

3 =

as claimed. [ |

LEMMA 5.2: Let 1 < p,q < o0, % + i =1 and M a closed infinite-dimensional
subspace of K(£p, {y). The following dichotomy holds:

(1) There is n € N such that E,|y is an isomorphism, in which case M
contains an isomorphic copy of £, or £, ; or,

(2) there exist a normalised sequence (Ty) C M and a semi-normalised
block-diagonal sequence (Sy) such that || Ty — Sk|| — 0 as k — oco. In
particular, (Ty) is equivalent to the unit vector basis of co when p < g,

Pq

and to the unit vector basis of £, with r = P when q < p.

Proof. Suppose first that there is n € N such that the restriction F,|p is an
isomorphism. Since the range of E,, is isomorphic to £, ® £, it follows that M
contains a subspace isomorphic to either £, or £, .

On the other hand, suppose that for every n € N, F, |5 is never an isomor-
phism. In this case, we will inductively construct two sequences as required.
Indeed, pick arbitrary Ty € M with ||Ty|| = 1 and, by compactness, let n; € N

such that

1
ITy - P (T3] < 5.

Since Fy, |y is not an isomorphism, there is T» € M with ||T3]| = 1 and

1
1B, (T)] < 5.
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Let ny € N be such that
1

T2 — P, (T2)]] < 1
Continuing in this way, we produce inductively an increasing sequence
(nk)keny € N and (Tk)ken € M such that for every k € N:
(1) (|73l = 1,
(2) 1B, (Tar)ll < 27F,
(3) 1Tk — P (Tio)[| < 27
Let Sk = P, (Tk) — En,_, Pn, (Tk), which clearly satisfy

k-1t ng
Sk = szlflﬂ,nk]Sngiflﬂ,nk]-
We have
1Ts = Skl <ITk = Po (Te)ll + 1By (Te) [l + 1 By (T = P (Ti))
<(C+3)27k
In particular, (T}) and (Sk) are equivalent basic sequences in K(¢p, £,). The
conclussion follows from Lemma 5.1. ]

Remark 5.3: The previous argument also holds for K((®X,)e,, (BY5)e, ), where
(X,) and (Y;,) are sequences of finite-dimensional subspaces.

Remark 5.4: When 1 < ¢ < p < o0, since L(£p,4,) = K(¢,,4,), by [11, Corol-
lary 2], we know that K(¢,, £4) is a reflexive space. The above lemma is somehow
more informative, since any infinite-dimensional subspace of K(¢p, ¢;) contains
one of the reflexive spaces {4, £,/ or £,.

THEOREM 5.5: Let p < g and A, B € L({,,{,). Then
LaRp: L(€g,Lp) = L(Lp, Ly)
is strictly singular.

Proof. Note that by Pitt’s theorem L£(¢g, £,) = (¢4, ¢,), so we simply consider
the operator LaRp: K(lq,Lp) = K(4p, Ly).

First, let us assume that A, B are both block-diagonal operators. Sup-
pose LaoRp is not strictly singular. Therefore, there exists a closed subspace
M C K(€4,£,) such that LaRp|a is an isomorphism. By Lemma 5.2, either

(1) M contains a subspace isomorphic to ¢, or £ ; or,
(2) there exist a normalised sequence (T3,) C M and a semi-normalised
block-diagonal sequence (S,) C K({q, £p) such that ||T;, — S, || — 0.
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In case (1), by another application of Lemma 5.2 to the subspace
LaRp(M) C K(ty,£g),

we know that this space contains a further subspace which is isomorphic to
Ly, Ly or co. Since p # g, and LaRp|a is an isomorphism, the only possibility
would be that p = p’ = 2 or ¢ = ¢’ = 2. In any of these cases, note that we
have the factorizations

LaRgp LaRp

’C(Eqvep) K(ﬂp,ﬂq) /C(fq,fp) /C(fp,fq)
K(£,) K(tp)

In particular, M is isomorphic to a subspace of K(¢,) and also to a subspace
of K(¢4). As p and g cannot both be equal to 2, by Lemma 5.2, we arrive at a
contradiction. Hence, in case (1), Ly Rp|y cannot be an isomorphism.
Assume now case (2) holds. As A and B are block-diagonal operators, there
exist pr < qr < pr+1 and 7 < s < rp4q such that for z € £, we have
Ar =3 Qi 0 AQU ™

_ (q) (p)
Br = Z Q[""kysk]BQ[ThSk]x-
keN

Also, there exist my < ny such that

Sk = Q(Q) SkQ(p)

[mp,nk] [mi,ne]”

For each k € N, let

iy, = min{min{p; : [p;, ¢;] O [m, nk] # O}, min{r; < [rj, 5;] O [, ni] # 0}}
and

fy, = max{max{q; : [p;, q;] N [mr, ny] # 0}, max{s; : [rj, s;] N [mr,n] # 0}}.

We extract a subsequence of (S;) as follows: let j; = 1 and for & > 1,
take jr large enough so that n;, |, < ;. By construction, it follows that for
every k € N

AS; B = Qfgzjk ,ﬁjk]ASjk BQ%«?

ol
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Hence, (AS;, B) is a semi-normalised block-diagonal sequence in (£, {,), and
by Lemma 5.1, (AS}, B) is equivalent to the unit vector basis of ¢g. Moreover,
as
|LaRg(Tj, — S;.)|l = 0 when k — oo,

by standard perturbation we have that (AT}, B) is also equivalent to the unit
vector basis of ¢y. However, by Lemma 5.1, we know that (S}, ) and (Tj,) are
equivalent to the unit vector basis or ¢, with r = %. This is a contradiction
with the assumption that L4 Rpg|y is an isomorphism.

So far, we have shown that when both A and B are block-diagonal operators,
then LaRp : K(€g,l,) — K(lp,£q) is strictly singular. Now, for arbitrary
A, B € L(Ly,4,), and every € > 0, by [23, Lemma 4.4(i)], there exist block-
diagonal operators Af, A5, Bf, B5 € L(¢p, {q) such that

[A— (AT + A3 <e, [[B—(BI+ Byl <e.
Clearly, for every € > 0 we have
LasyasRps+B; = LasRp: + La: Rps + LagRp: + LagRps.
By the above part of the proof, it follows that each of the L AfRB]s, is strictly
singular, thus so is the sum LAHAZ RB§+B§- Finally, since
LA§+A§RB§+B§ — LsRp ase—0,
we conclude L4 Rp is also strictly singular. [ |

We introduce the following class of operators.

Definition 5.6: Given p < ¢, we say that T € £(X) is approximately (¢,,¢,)-
factorizable if, for every ¢ > 0, there exist operators 77 : X — £, T5: £, = {,
and T5: £, — X such that

IT = T3T5TY]| <e.

Note that the class of approximately (¢,,¢,)-factorizable operators forms a
closed operator ideal contained in that of strictly singular operators. Indeed,
with the above notation, every operator T5: ¢, — £, is strictly singular; since
the strictly singular operators are a closed operator ideal, it follows that every
approximately (¢, {,)-factorizable operator is strictly singular.

THEOREM 5.7: Suppose that A, B€ L(X) are approximately (¢, £,)-factorizable
operators for some p < q. Then LaRp: L(X) — L(X) is strictly singular.
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Proof. Forevery e>0,let A7, Bj: X — ¢, A5,B5:4, = {,and A5, B5: {; = X
be such that

JA-A54345] < and B - B§B3B;| <.

For convenience, set A®* = A5A5A] and B® = B§B5DB5. The factorizations

A® B¢
X ——F X X — X
Ail A Bfl BS
A3 B;
Ep €q Ep €q

yield the following factorization for the corresponding multiplication operators:

Here we use implicitly Pitt’s theorem which asserts £({4,£,) =K ({y, {p) for p<gq.
Theorem 5.5 yields that Las Rp: and, hence La-Rp-, is strictly singular for
every € > 0. Note that

[LaRB — LacRpe|| <||La — La<||[|Ra[| + [[Lac ||| Rz — Rp-|
<|Blle+ (Al +¢)e.

The conclusion follows from the fact that the strictly singular operators form a
closed ideal. |

6. Factorization of strictly singular operators on L,

In this section we focus on the case X = L,([0,1]), for 1 < p < oo and p # 2,
endowed with Lebesgue measure p. For simplicity we will always write L.
According to [15, Theorem 2.9], A, B € S(L,) if and only if LyRp is strictly
singular on £(L,). However, the proof of this result is considerably long, and
a more concise argument would be desirable. Our aim here is to show how
factorization techniques can shed some light in this direction.
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Recall that T' € S(L,) is equivalent to T € S(L,), % + i =1 [25]. Also

recall that a subset W C L,, is uniformly p-integrable when

lim sup ||fxall, =0.
u(AHofewH Iy

An argument like [26, III.C.12], see also [9, Lemma 1], yields:

LEMMA 6.1: Let W C L, (p # 2) be a bounded convex symmetric set. The
following are equivalent:
(a) W is uniformly p-integrable.
(b) W does not contain any sequence (x,) which is equivalent to the unit
vector basis of ¢, and spans a complemented subspace.
(c) For every e > 0, there is M. > 0 such that W C M.Br_ +¢eBr,.

Let us start with a factorization property of strictly singular operators on L.

THEOREM 6.2: Let p < 2 and T € S(L,,). There are a Banach lattice Xp C L,
such that the unit ball of Xr is uniformly p-integrable in L,, and operators
R: L, —{,, S:{, = X7 making the following diagram commutative:

L,—> 1,

Rl T]-

l, X

where j: X7 — L, denotes the formal inclusion.
We prepare the proof with the following lemmas.

LEMMA 6.3: Let 1 <p <2andT: L, — L, be {y-singular. Then T'(Br,) is a
uniformly p-integrable set.

Proof. Set Wy = T(Bp,). By Lemma 6.1, it is enough to see that 1y does not
contain any sequence which is equivalent to the ¢, basis. Suppose the contrary,
and let (x,) € Br, be such that, for some constant C' > 0 and any sequences
(an) of scalars, we have

) |

n

§C<Zlan|”>p~

n

Z an Tz,

Passing to a subsequence, there is no loss of generality in assuming that (z,)
is weakly null, and hence unconditional. Using unconditionality and the fact
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that L, has type p it follows that for some constants K, M > 0 we have

é(ZIanlp)E S‘ > anTa, >y
SK/1 Zanrn(t)acn dt
O n

gKM(Z |an|p) "

n

< |T||\

Therefore T is invertible on the span of (z,), which is equivalent to the unit
vector basis of £,. This contradicts the assumption that 7" is £,-singular. |

For p < q, let iqp : Ly — L, denote the formal inclusion operator.

LEMMA 6.4: Let p > 2 and T': L, — L, be {3-singular. Then the operator
ip2T': L, — Lo is compact.

Proof. Suppose (z,) C Ly, is a bounded sequence which, without loss of gener-
ality, can be assumed to be weakly null and normalised, and that

liminf ||ip 2T xy ]2 > 0.
n

Hence, we can extract a subsequence such that (ip2Tx,) is equivalent to the
unit basis of 5. Since p > 2, by [10] it follows that (z,) is equivalent to the
unit basis of either ¢, or ¢». Suppose that (z,) is equivalent to the unit basis
of {5, then for arbitrary scalars (a,,) we have

1
3
‘ g anZnl|ll ~ (E |an|2) z‘ g anip 2Ty E apTxy,
n n n

p n
Thus, T is an isomorphism on the subspace generated by (z,) which is a con-

S ‘
2

p

tradiction with T being f2-singular. Therefore, (z,) must be equivalent to the
unit vector basis of £, but this would imply that for every k € N

k
E ip,2T$7L
n=1

This is impossible for large k as p > 2, so we conclude that lim inf,, ||ip 2T 2, ||2=0

k

E x n

n=1

< kv,

~

p

k2 S S

2

and i, 27" is compact, as claimed. |

The next result is based on a well-known interpolation construction from [4]
(see also [2, Section 5.2]).
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LEMMA 6.5: Let 1 < p <2 and T € S(L,). There exist a Banach lattice X
with the following properties:
(i) j: Xr < L, is bounded.
(ii) T: L, — Xr given by Tz = Tz is bounded.
(iii) The unit ball of X is uniformly p-integrable in L.
(iv) T is strictly singular.
)

(v) The composition Tigyp : Lo — Xp is compact.

Proof. Let W denote the solid convex hull of T'(Bg,). Clearly, W is convex,
solid and uniformly p-integrable in L,, by Lemma 6.3. For each n € N, let
U, =2"W +27"B,, and denote

llz]|n = inf{\ > 0: 2 € AU, }.

Let us define

X ={a € Ly lollxr = ( X lel? ) <o},

neN
By [2, Theorem 5.41], it follows that X is a Banach lattice, that the operator
T: L, — Xr given by T(z) = T(z) is bounded, and the inclusion j: X7 — L,
is also bounded (see also [2, Theorem 5.37]). Thus, we have (i) and (ii).
For the proof of (iii), let € > 0 and let n € N such that 27! < ¢ < 2772,
Since W is uniformly p-integrable, by Lemma 6.1 there is M, 5 > 0 such that

W C ME/QBLoe + %BLP'

Now let © € X7 such that ||z|x, < 1. In particular, we have that ||z||, <1, or
in other words,

T €2"W +27"By, C2"M.p3Br +27"Bu, + B,

4M,
- —6/23[‘00 + EBLP.
g

4ME/ 2Br.,, +€By,, and since this holds for every e > 0, it follows

Hence, Bx, C
by Lemma 6.1 that Bx, is umformly p-integrable in L,,.

Recall an operator S: E — F is strictly singular if and only if for every
infinite-dimensional subspace X C FE, there is a further infinite-dimensional
subspace Y C X such that the restriction S|y is compact. Thus, (iv) follows

from [2, Theorem 5.40].
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Finally, for the proof of (v), note first that T ,: Lo — L, is compact. Indeed,
since T' € S(L,), we have that T* € S(L,) and by Lemma 6.4, it follows that
iy 2T*: Ly — Lo is compact. By duality, we have that T4y ,: Ly — L, is
compact and the conclusion follows from [2, Theorem 5.40]. |

Proof of Theorem 6.2. By Lemma 6.5 we have the factorization

L—>L

N

where j maps the unit ball into a uniformly p-integrable set.
Moreover, the composition T3 ,: Ly — X7 is compact. From this fact and
duality, using [8] it follows that T actually factors through ¢,,:

5 \4/»@

Joining the two diagrams we get the result. |

Remark 6.6: For the sake of completeness, let us briefly recall the factorization
construction given in [8] for an operator A: L, — L, with p > 2: Let (hp)nen
denote the Haar basis for L,. For increasing sequences (ky)nen, (My)nen in N,
take H,, = [hi]zz;_l and | f|, = max{My| f| .| fllz,}- It can be checked that

V= (@Dl1)

neN P

is isomorphic to £,. Moreover, for z € L, set

Aq (ZL‘) - (yn)nGN ey,

where y,, € H,, are such that A(z) = > _\¥n, and for (z,)neny € Y set

AQ J)n nEN § L.
neN

The proof given in [8] yields that if i, 2 A is compact, then there exist increas-
ing sequences (kn)nen, (Mp)nen such that the corresponding A; and As are
bounded, and clearly A = A A;.
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Remark 6.7: The Banach lattice X1 constructed in the lemma (and thus in The-
orem 6.2) can actually be taken to be a rearrangement invariant space. This
can be done by taking W closed under measure rearrangements of the under-
lying space [0, 1]. We refer the reader to [14] for background on rearrangement
invariant spaces. Similarly, for ¢ > p one can also achieve that L, C X7 by
enlarging W in the above proof.

Recall that an operator T: E — Y on a Banach lattice E is called M-weakly
compact if || Tz, | — 0 for every sequence of pairwise disjoint normalised vec-
tors (z,,) C E. By duality, the following is an immediate consequence of Theo-
rem 6.2.

COROLLARY 6.8: Let p > 2 and T € S(L,). There are a rearrangement in-
variant space Xt and operators Ty : L, — X7, Ty: X7 — €, and T5: £, — L,
making the following diagram commutative:

LT .
[
Xp — 0

with Ty M-weakly compact.

Proof. It T € S(Ly), then T* € S(L,/) [25]. Now since p’ < 2, Theorem 6.2
gives us the factorization T* = jSR. Let Ty = j*, To = S* and T3 = R*. By [2,
Theorem 5.64], and the fact that j(B Lp,) is uniformly p-integrable, it follows
that Ty = j* is M-weakly compact. |

THEOREM 6.9: Let A, B € S(L,). Then LsRp factors through K(¢,).

Proof. By passing to adjoints we can assume without loss of generality that
p > 2. First, let us show that A and B have factorization diagrams through the
same spaces. To this end, let X; be the subspace of L, consisting of functions
supported on [0,1/2] and X5 those supported on [1/2,1]. Clearly, we have the
(band) decomposition L, = X1 & X2 and lattice isomorphisms ¢;: X; — L, for
1=1,2. Let j;: X; — L, denote the inclusion operators, and P;: L, — X; the
corresponding (band) projections for ¢ = 1,2. Let us consider the operator

T = jipy " Ap1 Py + jows ' Boo Py



22 M. MATHIEU AND P. TRADACETE Isr. J. Math.

Clearly, T € S(L,,), so Corollary 6.8 yields the factorization

T
L,—~> 1,

7 l TTS

XTL>£p

with T7 M-weakly compact. It follows that we can factor A and B as follows:

A B

L,———1I, L, ———— 1L,
N
Xr A 4y Xr = lp

where A; and B; are M-weakly compact.
Therefore, we can write LaRp = (La,Rp,)o(La,Rp,)o(La, Rp,). We claim
that
LAIRBS (‘C(LP)) < ’C(gpv XT)

Indeed, assuming the contrary, let T € £(L,) and take a norm bounded se-
quence (z,,) C £, such that (AT Bsx,) has no convergent subsequence. Passing
to a further subsequence we can assume that (z,,) is weakly null and equivalent
to the unit vector basis of £,. By [10], it follows that up to a further subsequence
(T'Bsxrn) C L, is equivalent to the unit vector basis of either 5 or £,. In the
former case, as p > 2, it would follow that ||T'Bsx,|| — 0 by Pitt’s theorem. In
the latter, we actually have that ||TBsx,, — yn|| — 0 for a certain pairwise dis-
joint sequence (y,) C L,. Now, since A; is M-weakly compact, it follows that
|A1T Bsz,|| — 0. This is a contradiction, hence La, Rp,(L(Ly)) C K(lp, X1),
as claimed.
In particular, we have the following factorization:

LaRB

L(Ly,) K(Lyp)
LAlRB3l TLASRBI
La,RB,

K(gpa XT) ’C(XTvgp)
La, RB,
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Remark 6.10: Let us briefly recall part of the strategy of proof of [15, Theorem
2.9]: after some preliminary block-diagonalization argument, the authors show
that if A, B € S(Lp) (p > 2) and LaRp were not strictly singular, then it must
be invertible on a subspace isomorphic to ¢, with s = z% (see Claim 1 in the
proof of [15, Theorem 2.9]); from there, some more work is necessary to reach
a contradiction with the strict singularity of B. Alternatively, Theorem 6.9
together with Lemma 5.2, yield that if A, B € S(L,), and L4Rp is invertible
in some subspace X C £(L,), then X should contain a subspace isomorphic
to £p, £y or ¢ (although this last option is impossible because of the weak
compactness of LaRpg). Hence, the case X = ¢ as above can also be ruled out

by this approach.

Remark 6.11: We do not know whether every T € S(L,) is approximately
(4r, £s)-factorizable for some r < s. In fact, we do not know whether for an
operator T' € S(L,), and every ¢ > 0, there exist r(¢) < s(g), two sequences of
finite dimensional spaces (X, )nen, (Yn)nen and operators

Tf : L, — (@Xn)&m,
T; - (@ X")zr(e) . (@ Yn)es(g)v

TS (@Yn)es(a) — Ly,

i~}

such that

IT - T3T5T | <e.
Keeping in mind the previous comment, by Remark 5.3 and the argument in
the proof of Theorem 6.9, such a factorization would yield an alternative direct
proof of [15, Theorem 2.9].

In connection with approximate factorization the following property of strictly
singular operators might be useful (compare with [6, Proposition 4.1]). For
a measurable set A C [0,1], let P4 denote the projection onto the band of
functions supported on A: Pax = xax.

PROPOSITION 6.12: Let T € L(Ly,) be ¢,-singular. When p < 2, for everye > 0,
there is § > 0 such that if u(A) < 6, then

[PAT| <.

Similarly, when p > 2, for every € > 0, there is § > 0 such that if u(A) < 9,
then ||T P4l < e.
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Proof. By duality it is enough to prove the first statement. By Lemma 6.3,

T(Bt,) is a uniformly p-integrable set. Thus, for every € > 0 there is M. > 0
such that T'(Br,) € M.Br,, +5Br,. Let 6 = (¢/2M.)P. It follows that for any
set with p(A) < d

(1]

(5]

[6]

(8]
(9]
(10]

(11]
(12]

(13]
(14]
(15]
(16]

(17]

5
|PAT|| = sup |[PaTz|, < sup |[PaM.|,+ 3 <e. |

IEBLP zeBLp
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